An Organized Logical Development of Geometry
From School Mathematics Geometry, Aderson, Garon, Gremillion

You already know a great many geometric facts.  For instance, you know how to find the area of a rectangle and a triangle.  It seems clear that we should try to organize our knowledge of geometry.  Perhaps we should write down as many facts of geometry as we can, listing the simplest statements first and the more difficult ones later.  Also we should point out those facts that follow logically from simpler facts.  Thus, we might try to arrange the statements in such an order that each statement in the list can be deduced from preceding statements by logical reasoning.

Actually, we shall carry out such a program.  We shall state definitions as clearly and precisely as we can; and we shall prove various geometric facts by means of logical reasoning.  The statements that we prove are called theorems.  In this course, you will have opportunities to prove theorems for yourself.  When you prove theorems you will be learning more than geometry; you will be learning to organize your thoughts, to reason logically, and to express yourself clearly.

Although nearly all our geometric statements will be proved, there will be some exceptions.  Certain fundamental statements will be accepted without proof.  These statements are called postulates or axioms and will form the foundation on which we shall build our geometry.  In the same way we shall use certain basic geometric terms without defining them; these terms are called undefined terms.  Other terms will be defined on the basis of these undefined terms.

First consider the theorems.  We would like to prove each theorem by showing that it follows logically form theorems that have already been proved.  But this is impossible.  The first theorem cannot be proved that way because there are no previously proved theorems.  We have to start somewhere, and so we must accept some statements without proof.  These unproved statements will be our postulates.  In the same way, we must start with some unproved statements, so we must start with some undefined terms which will be point, line and plane.
Postulate 1.  Given any two points, there is exactly one line that contains both of them

Postulate 2. Distance Postulate.  To each pair of distinct points there corresponds a unique positive number; which is called the distance between the two points

Postulate 3.  Ruler Postulate.  The points of a line can be placed in correspondence with the real numbers in such a way that:

1. To every point of the line there corresponds exactly one real number

2. To every real number there corresponds exactly one point of the line, and

3. The distance between two points equals the absolute value of the difference between the corresponding numbers

Postulate 4. 
1.  Every plane contains at least three noncollinear points

2. Space contains at least four noncoplanar points

Postulate 5.  If a plane contains two points of a line, the plane contains the whole line

Postulate 6.  Any three points lie in at least one plane, and any three noncollinear points lie in exactly one plane

Postulate 7.  If two distinct planes intersect, then their intersection is a line.

Postulate 8.  Plane Separation Postulate.  Given any line and any plane containing it.  The points of the plane that do not lie on the line form two disjoint sets such that

1. each of the sets is convex and non-empty

2. if P is any point in one set and Q is any point in the other set, then the segments 
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  intersects the line
Postulate 9.  Space Separation Postulate.  The points of space that do not lie in a given plane E fomr two disjoint sets such that
1. each of the sets is convex and non-empty

2. if P is any point in one set and Q is any point in the other set, then the segment 
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 intersects the plane

Postulate 10.  Angle Measurement Postulate.  To each angle there corresponds exactly one real number r between 1 and 180.  The number r is called the measure or degree measure of the angle.

Postulate 11.  Angle Construction Postulate.  Let  
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 be a ray contained in the edge of a half-plane H.  For each number r between 0 and 180, there is exactly one ray 
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, with P in H, such that m
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Postulate 12. Angle Addition Postulate.   If D is a point in the interior of 
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ABC, then m
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Postulate 13. Supplement Postulate.  If two angles form a liner pair, then they are supplementary

Postulate 14.  SAS Postulate.  Given a correspondence between two triangles (or between a triangle and itself).  If two sides and the included angle of the first triangle are congruent to the corresponding parts of the second triangle then the correspondence is a congruence.

Postulate 15. Parallel Postulate.  Through any point not on a given line, there is at most on line parallel to the given line

Postulate 16.  Area Postulate.  To each polygonal region there corresponds a unique positive number, which is called the area of the region

Postulate 17.  Congruence Postulate for Area.  If two triangles are congruent, then their triangular regions have the same area.
Postulate 18.  Area Addition Postulate.  If a polygonal region R is the union of the non-overlapping polygonal regions R1 and R2, then area (region R) = area (region R1) + area (region R2)

Postulate 19.  Unit Area Postulate.  The area of a square region is the product of the length of any side of the square by itself.

Postulate 20.  The volume of a rectangular parallelepiped is the product of the area of any base and the length of a related altitude.

Postulate 21.  Cavalier’s Principle.  Given two solids and a plane that intersects neither solid.  Suppose that every plane which is parallel to the given plane and intersects either solid intersects the other solid in such fashion that the two cross sections have equal areas.  Then the two solids have equal volumes.
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